engaged by financial economists. This suggests that models of retirement and saving may, for the immediate future, be forced to constrain portfolio composition to correspond with levels observed in the data, postponing the inclusion of portfolio mix as a choice variable until further progress is made in modeling that behavior. This does not necessarily reduce the efficiency of life cycle models of retirement and saving. Rather it recognizes that portfolio choice may be influenced by behavior that is not fully consistent with that posed by a life cycle model. Individuals may, for example, be accepting recommendations from planners or firms that they would not otherwise follow if they fully understood how to balance risk and return in portfolio choice in the same way they balance risk and return in their saving and retirement decisions. If these behavioral considerations govern their portfolio choice, while retirement and saving are determined by life cycle considerations, a model that correctly constrains portfolio composition may in fact generate parameter estimates that accurately reflect the forces governing retirement and saving behavior. This paper considers the prospects for adding choice of portfolio composition to a life cycle model of retirement and saving, while preserving the ability of the model to continue to explain the course of saving and retirement. If eventually successful, such a modification might be used to improve understanding of retirement and saving behavior both under the current Social Security system, and under variations involving personal accounts. In particular we consider the implications of estimating separate parameters to represent risk aversion and time preference, whereas one parameter now reflects both risk aversion and time preference.
We explore a number of barriers to developing a specification that is consistent with observed saving, retirement and investment choices. In our previous model with exponential consumption, individuals would hold portfolios exclusively in stocks, contrary to observation.
Changing the exponent of consumption can reduce stock holdings below 100%, but at the cost of implausible retirement behavior. Introducing a separate parameter for risk aversion can restore plausible retirement behavior, but the pattern of stock holdings is too high, especially at younger ages, for plausible values of the risk aversion parameter.
The discussion is divided into five sections. Section I discusses risk and return tradeoffs to various portfolios. Section II integrates the trade off between risk and return into a standard utility function specification. The model is expanded in Section III to include portfolio investment in a life cycle model that also includes retirement and saving. Section IV derives the actual risk vs. return tradeoff and discusses the implications of the estimated tradeoff for portfolio choices and observed retirement and saving behavior, focusing on the challenge of having a given set of parameters explain the multiple outcomes of concern in a model of retirement, saving and investment choice. Since the model is dynamic, it is not only necessary for outcome levels to be plausible, but for the paths of outcome to conform to observed data. Section V concludes.
I. The Risk-Return Tradeoff in Historical Data
In this section we examine five data series from the Ibbotson annual databooks. These series are the total returns from large stocks, corporate bonds, long-term government debt, intermediate-term government debt, and short-term government debt. All of these series are from 1926 through 2003. The large stock is roughly equivalent to the modern day S&P 500 index. Long-term government debt is at a maturity level of roughly 20 years. Intermediate-term government debt is at a maturity level of roughly 5 years, and short-term government debt is at a maturity level of roughly one month.
The annual rate of inflation is subtracted out from each series. The real returns and associated standard deviations of the series are calculated as in the following The most risky asset, large stocks, had a mean real return of 9.19 percent, with a standard deviation of 20.54 percent. The safest asset, short-term government debt, had a much lower real return of 0.78 percent, with a standard deviation of 4.03 percent. Note that although long-term government debt is dominated in a risk-return sense by corporate bonds, the long-term government debt may still be desirable if it has desirable correlations with the other series of available assets, so we retain it for the time being.
The correlations of these series is given in the following Corporate bonds are absent from the optimal portfolio at most rates of return. They do enter at relatively high rates of return, but even here they are not a major component, never reaching more than 20 percent of the optimal portfolio. This leads to the suspicion that eliminating them from consideration might not affect the risk of the optimal portfolio very much.
To test this, the optimal portfolio analysis is repeated, but this time forcing corporate bonds to have zero weight in the portfolio. The results are in the following 
II. Risk and Return in the Utility Function
Suppose that the utility function, as a function of assets, can be locally approximated by a quadratic function around some initial level of assets A o . Then the marginal utility can be locally approximated by a linear function. Suppose that the marginal utility of asset level A o is given by a, and the slope of the marginal utility function is given by -b, where b is a positive parameter. Then the marginal utility as a function of assets can be written as
Integrating with respect to A gives, up to a constant, the utility function
Suppose that the return next period to $1 in assets today is normally distributed with a mean of μ and a standard deviation of σ. Then, if we start out with A o assets today, next period those assets A t+1 will have a normal distribution with a mean of μA o and a standard deviation of σA o . The expected utility of these assets next period is given by
using the standard relation for the expected values of moments of a normal distribution.
Now suppose that there is a relationship between the mean of the distribution and the standard deviation. For the moment, let that relationship be described by a linear relationship:
The object of the exercise is to choose that value of μ (and the associated portfolio and standard deviation σ) which maximizes the expected value in equation (3). Substituting from equation (4) into equation (3) yields
Taking the derivative of equation (5) with respect to μ and setting it equal to zero yields:
Solving for μ yields:
as the optimal expected rate of return, and the optimal mix of assets is the mix associated with the minimum standard deviation for this rate of return.
There are several things to note about this result:
1.
If the parameter b, which measures the slope of the marginal utility function, is lower, then the optimal value of μ will be higher, and the optimal portfolio will be more weighted towards risky stocks and less toward less risky government debt. This is to be expected, since a lower value of b reflects a less risk averse utility function.
2.
The optimal return depends on the ratio of the marginal utility at A o (a) to the slope of the marginal utility function (b), but not to a and b separately. Another way of putting this is that anything which shifts the marginal utility function proportionately, and hence changes the marginal utility by the same percent as the slope changes, will not affect the optimal return μ or the optimal portfolio allocation.
3.
If the utility function is CRRA in assets, the optimal portfolio should be approximately the same regardless of the level of assets. To see this, consider the CRRA function
Taking the ratio and evaluating at A o yields:
Substituting into equation (6) gives (7) ( )
This expression depends on the parameters of the risk-return tradeoff and the coefficient of relative risk aversion, but not on the level of assets. Hence, if the utility of asset function is given by a constant relative risk aversion function, the optimal return and the optimal mix of assets will be approximately constant.
4.
Before retirement, one can always at least partially offset a realization of better or worse than expected returns by retiring a little sooner or later. Put another way, the ability to adjust the retirement date provides some insurance against the risk of asset returns. This insurance should flatten to some degree the marginal utility curve. After final retirement, of course, the ability to absorb bad realizations of returns by changing the retirement date vanishes, so that the marginal utility curve is steeper. All this is to say that for a given level of assets, the marginal utility curve should be flatter before retirement than after retirement. In terms of the model, the parameter b (which is the negative of the slope of the marginal utility function) will be lower before retirement than after. Since there is an inverse relation between b and μ through equation (6), this implies that the optimal value of μ will be higher before retirement than after. This in turn means that the optimal portfolio before retirement will be riskier, with a higher percentage of stocks, before than after retirement.
III. Modifications to the Empirical Model
The analysis of the previous section has serious implications for the empirical model we have been using to date. In previous estimates, the exponent of the consumption term has always been near zero, so that the value of γ in the previous section would be near unity. Looking at the tables in the first section, an increase of 7 percentage points in the returns results in an increase in the standard deviation of about 15 percentage points, so that the relationship between the mean and the standard deviation is approximately σ = 0.04 + 2 (μ -1) = -1.96 + 2 μ.
(Recall that μ is the total amount received for an investment of $1 and hence includes the principal.) This means, in the notation of the previous section, that c = -1.96 and d = 2.
Plugging these two values into equation (7), and using γ = 1, yields a value of μ equal to about 1.184, which corresponds to an annual return of 18.4%. That is, with γ = 1, and using the actual risk-return tradeoff, individuals would want to be 100% in stocks. This result is consistent with two papers on optimal portfolio allocation, those of Benzoni, Dufresne, and
Goldstein (2005) and Gomes and Michaelides (2005) . In order for individuals to be induced to hold financial assets other than stocks, it seems that the coefficient of relative risk aversion parameter has to be approaching a value of 5.
Having a value of γ equal to 5, however, creates other difficulties for the model. In our current model, this value would mean that additional consumption would have sharply lower marginal utility at higher income and asset levels, so that individuals with higher incomes would want to retire much earlier. In fact, with a sufficiently high value of γ, individuals would be approximately target income workers. That is, they would work long enough to achieve a target level of income, and any income beyond that would produce so little utility that they would rather take the leisure. Hence, a high value of γ is inconsistent in our current model with the fact that individuals retire at more or less the same time on average, regardless of their level of income.
These results suggest that if we are going to examine both retirement behavior and asset allocation in the same model, we will need to modify our original model somewhat. The most straightforward way to do this appears to be to introduce an additional parameter to separate risk aversion from the marginal utility of consumption. To do this, introduce a value function for consumption:
Through recursive substitution, this can be shown to be equivalent to
In this form, it can be seen that the value function for consumption is constant returns to scale, that is, if consumption and expected consumption double at every point in time, the value function also doubles.
A value function for leisure can be defined in a corresponding manner:
. Since L is restricted between zero and one, this function does not need the exponents.
In each period, the individual is presumed to maximize
The exponent α on the consumption term serves much the same effect that the same coefficient did in the previous model. If the value of α is less than one, then the marginal utility of consumption will be declining slowly, and the utility value of the income from a year's worth of work will be increasing with the lifetime wage rate. This should cause high-income individuals to retire later. The reverse is true if the value of α is above one; in this case, the utility value of the income from a year's worth of work will be declining at higher wage levels, and high-income individuals should retire earlier.
In this revised model, α serves much the same purpose that it has in previous models.
The value of γ, on the other hand, serves the purpose of establishing risk aversion. Note that, at time t, and given the initial assets and the current income, the consumption decision boils down to maximizing
This is exactly the same consumption problem that was addressed in the previous section, and the same solution methods can be used to establish the optimal choice of assets. Given the asset allocation decision, the consumption/savings decision boils down to determining the level of savings for which the value of a dollar of current consumption in the above formula just matches the discounted expected value of the future consumption which would result if the dollar were saved. This is exactly the same problem that has been dealt with in previous models. The current income is determined by looking at the total value of the alternative retirement decisions and choosing the decision with the highest value, as has been done in previous models.
In practice, then, this model has two differences from the previous models. First, there is the asset allocation decision, which can be addressed using the techniques described in the previous section. Second, there is the decision regarding the alternative retirement states. In the previous model, this was solved basically by calculating the total expected utility value for each of the potential retirement states and choosing whichever was highest. The same kind of thing can be done with the revised model, except that the value in equation (8) is used for each alternative. The additional parameter can be addressed by introducing another moment into the estimation process, namely the percentage of assets held in stocks.
IV. Implications for Portfolio Choice
The actual relationship between return and risk, as calculated in the Section II, is not exactly linear, so these results of that section hold only approximately. In the numerical simulations using the risk-return tradeoff, the following procedure is used. First, note that equation (3) was derived without using the linear risk-return tradeoff. At the point where the portfolio decision has to be made for a particular level of assets, the model will have already calculated the marginal utility of assets and its slope. Using equation (3), the expected utility for a particular point of the tradeoff curve is calculated. Using a grid of points similar to those generated for the tables at the end of the last section, we then evaluate which risk-return point yields the highest expected utility. This then would be the optimal expected return, and the associated portfolio mix is the optimal mix for the particular level of assets.
The results of these calculations are described in the The first column is the elasticity of marginal utility with respect to wealth. In a utility function that is crra in wealth, this is equal to the parameter γ. The next two columns are the optimal rate of return and the corresponding percentage of stocks in the portfolio. At low values of γ, the optimal portfolio consists entirely of stocks. At values of γ above about 1.5, the percentage of stocks begins to decline. It reaches 50% at a value of γ around 3, and by a value of γ equal to 5 it is down to around 30%. Note that at even at extremely high values of γ, the percentage of stocks is still nontrivial.
So far, so good. A value of 3 for γ is certainly within the range of estimates in the literature, and it would yield a percentage of stocks in the portfolio of around 50%. However, there is a catch. The value of γ so far refers to the elasticity of marginal utility with respect to wealth, but the γ's in the model refer to consumption. That is, we and others suppose that the utility of consumption is given as proportional to: The first two columns are self-explanatory The third column gives the elasticity of marginal utility with respect to wealth, which is the quantity (bA o ) / a in the previous discussion. The fourth and fifth columns give the percent stocks and the associated rate of return of the portfolio.
The remaining columns give the real wealth from the previous period augmented by the returns, real income, real consumption, and the real wealth at the end of the period, which is the augmented wealth plus income minus consumption.
The consumption and wealth accumulation of this individual look pretty much as one might expect. With a time preference parameter of zero and a high value of γ, the individual really strives to maintain a relatively even level of consumption. As expected, the individual accumulates enormous amounts of wealth, equal to around 10 times income just before retirement.
At first glance, the portfolio behavior of this individual also makes sense. He starts off with a holding of 100% stocks, and in the few years before retirement at age 64 he reduces this to 40% stocks. After that, the percentage in stocks declines a little further, but not much. The surprising thing about this behavior is the suddenness with which the stock holdings decline.
Most investment advice, such as the 110 -age formula, yields a much more gradual reduction of stocks in the portfolio. In contrast, the model simulation gives a 60% reduction in stocks in the span of around 8 years.
The suddenness of the decline presents two problems for the model. First, according to Gomes and Michaelides (2005) , among those who participate in the stock market, about 50-60%
of their holdings are in stocks, and this fraction does not vary much by age. Up until a few years before retirement, though, the model predicts that 100% of financial wealth should be in stocks.
A second problem is that the model will have difficulty matching the 50% stock holdings observed in the sample in 1992. The portfolio does not reach 50% stock until a couple of years before retirement; six years before retirement the portfolio is 72% stock. Since the sample was on average 56 in 1992, and the median retirement age is 62, this portends trouble for any estimation procedure in matching the observed 50%. The problem is compounded because this individual, with enormous wealth, high income, no pensions, and a low time preference rate, has a combination of characteristics particularly unfavorable to holding stock, as will be explained shortly. Almost any other combination of circumstances and preferences would result in even higher percentages of stock in the portfolio.
The crucial lesson from this exercise is that a high elasticity of marginal utility with respect to consumption (in this case 5) is entirely consistent with a relatively low elasticity of marginal utility with respect to wealth. At age 56, with a wealth-income ratio of over 5, the elasticity of marginal utility with respect to wealth is only 1.70. To understand what is going on in the model, it is necessary to understand this discrepancy.
Consider, for an individual with $50,000 in consumption and $5,000 in wealth, the effects of another $1,000 in wealth. The extra $1,000 in wealth represents a 20% increase in wealth. But in terms of resources, it increases the amount from $55,000 to $56,000, an increase of 1.8%. Over this range, the marginal utility of consumption drops 9% if the elasticity of marginal utility with respect to consumption is 5. The elasticity of marginal utility with respect to assets, however, is 9% / 20%, which is only about 0.45. Essentially, the utility function is relatively flat between $55,000 and $56,000, so that the extra $1,000 in assets does not reduce marginal utility noticeably even though assets are increased by a significant amount.
Ah, but you say, the asset level in this example is unrealistically low. What would happen if the initial assets were $100,000, rather than $5,000. Then an additional $1,000 would represent a 1% increase in assets. This would be associated with an increase in resources from $150,000 to $151,000, a 0.67% increase. If the elasticity of marginal utility with respect to consumption is 5, this would reduce marginal utility by 3.33%. The elasticity of marginal utility with respect to wealth would then be 3.33% / 1% = 3.33.
For the individual simulated in the table, the wealth-income ratio reaches 2 at age 47. At this age, however, the elasticity of marginal utility with respect to wealth is 0.54, not 3.33. The solution to this puzzle appears to be that it is not the ratio of wealth to current income which is critical, but the ratio of wealth to current plus prospective non-wealth income. Wealth measures the resources left over from the past, and current and prospective income measure resources available in the future. In the simulation, the elasticity of marginal utility with respect to wealth rises sharply in the three or four years before retirement, which is just the time when the sum of current and prospective income is dwindling most rapidly in percentage terms.
Comparing this to the previous results, it is evident that the elasticities of marginal utility with respect to wealth are uniformly lower, the percentages of stocks in the portfolio are uniformly higher, and the drop in the percentage of stocks around retirement is even sharper. For higher rates of time preference, of course, the effects are even greater.
Secondly, the individual in the initial example is a relatively high earner. Among other things, this means that the ratio of Social Security benefits to peak earnings is relatively low, only about 17% of peak earnings. A lower income individual would have a higher ratio of benefits to earnings. This would have two effects. First, wealth would probably be lower, even as a percentage of earnings, since a greater percentage of future consumption could be financed with benefits. Secondly, in looking at the ratio of wealth to current and future income, the denominator would be higher, leading to a further reduction in the elasticity of marginal utility with respect to wealth. Both of these effects would mean that at lower income levels, with
higher Social Security replacement rates, the problem of too high a percentage of the portfolio in stocks will be exacerbated.
To simulate this, we consider an individual with an initial earnings level of half ($50,000) of that in the first example, and Social Security benefits of $20,000 while both spouses are alive and $12,000 after one of them dies. This simulation returns to a zero percent time preference. Again, the simulation illustrates that considering a pension will induce the percentage of stocks in the portfolio to increase relative to the initial simulation, and that percentage drops from 100%
to about half in a shorter period of time just before retirement.
How do these results fit in with the literature? Poterba, Rauh, Venti and Wise (2006) look at nine investment strategies for 401k assets with crra parameters of 0,1, 2, and 4. They consider the accumulation phase only, and measure the outcome when the period of contributions ends. When other wealth is considered, they find that an all-stock portfolio dominates any of the other strategies regardless of the crra parameter. This is close to our result indicating that stocks are dominant until just before retirement. A weakness to their approach is that the amount of non-401k financial assets at the end of the period is fixed, and by implication the asset allocation of the non-401k part of the portfolio is also fixed.
The Gomes and Michaelides (2005) model aims to match two empirical regularities.
First, about 50% of individuals participate in the stock market, and this fraction does not vary a great deal by age. Secondly, among those who do participate, about 50-60% of their holdings are in stocks, and this fraction also does not vary much by age. They match the first finding by having a heterogeneous population, half of whom do not save much at all and hence are not in the stock market. This is very similar to our individuals with high rates of time preference. They match the second regularity at ages above 45, but below that the percentage of the portfolio in equities is too high, much like our model. And their results are undoubtedly helped along by the assumption of an equity premium of 4%. The results we derived earlier suggest an equity premium of more like 7% vs. intermediate term bonds and over 8% vs. money market like assets.
With the higher equity premium, their model would show 100% equity allocation longer (it is until around age 35 in their graphs) and a higher allocation after that. They also introduce a onetime fixed cost to be in the stock market for the first time, but the consequences of this assumption are very small: it deters individuals from entering the market for a year or two until they accumulate sufficient assets to make it worthwhile. They additionally have a stochastic
wage process in the model, and still they come up with a 100% equity allocation until at least the mid-thirties, at which time savings are twice earnings and are clearly life-cycle, not precautionary, motivated. In short, their model ultimately suffers from much the same problem as does ours, although they appear to have the right explanation for the fraction of individuals not in the market.
Benzoni, Collin-Dufresne and Goldstein (2005) 
V. Implications and Conclusions
To summarize the findings:
1. Estimates of our model based only on retirement and saving behavior yield a coefficient of relative risk aversion ( γ ) of approximately 1. Examination of historical data suggest an equity premium of about 7% vs. intermediate term bonds and over 8% vs. money market like assets.
Consistent with earlier findings, individuals would want to be 100% in stocks with a relative risk aversion coefficient of 1 and an equity premium of 7%.
2. In order for individuals to be induced to hold financial assets other than stocks, it seems that the coefficient of relative risk aversion parameter has to be approaching a value of 5. Having a value of γ equal to 5, however, creates other difficulties for the model. In our current model, this value would mean that additional consumption would have sharply lower marginal utility, so that individuals with higher incomes would want to retire much earlier. In fact, with a sufficiently high value of γ, individuals would be approximately target income workers. That is, they would work long enough to achieve a target level of income, and any income beyond that would produce so little utility that they would rather take the leisure. Hence, a high value of γ is inconsistent in our current model with the fact that individuals retire at more or less the same time on average, regardless of their level of income.
3. These results suggest that if we are going to examine both retirement behavior and asset allocation in the same model, we need to modify our original model somewhat. The most straightforward way to do this is to introduce an additional parameter to separate risk aversion from the marginal utility of consumption. Accordingly, we introduce a value function for consumption. The simple value function for consumption we introduce has constant returns to scale, that is, if consumption and expected consumption double at every point in time, the value function also doubles. After adding a value function for leisure, the new utility function has separate coefficients for risk aversion and for time preference. The additional parameter can be addressed by introducing another moment into the estimation process, namely the percentage of assets held in stocks.
4. We next undertake an exercise in comparative statics. Our analysis explains why a high elasticity of marginal utility with respect to consumption is entirely consistent with a relatively low elasticity of marginal utility with respect to wealth.
5. When we run the model (with fixed retirement) using a value of γ (risk aversion for consumption) toward the high end of the values used in the literature, the model overpredicts the percentage of the portfolio in stocks. In addition, stock holdings decline suddenly as the person approaches retirement age. Most investment advice, such as the 110 -age formula, yield a gradual reduction of stocks in the portfolio. In contrast, the model simulation gives a 60% reduction in stocks in the span of around 8 years. This will make it very difficult for the model to generate portfolios consisting of fifty percent stocks as are found in the data. Moreover, these results are for a rate of time preference of zero; a higher time preference rate exacerbates the problem of overpredicting stock holdings.
6. Social Security raises the replacement rate of post-retirement income, reduces the need to accumulate wealth, lowers the elasticity of marginal utility with respect to wealth, and as a result, for those with low incomes and higher Social Security replacement rates, the problem of too high a percentage of the portfolio in stocks will be exacerbated. Pensions will have a similar effect.
7. We then compare our findings with those in the literature. The bottom line is that current financial models in the literature also have difficulty explaining why most portfolios devote half their assets to stocks, predicting larger shares. Either people are failing to make rational decisions regarding portfolio choice, or there is some aspect of portfolio choice that the models are failing to consider. What that aspect might be, however, is at present not clear. It is possible to modify our model to include portfolio choice while maintaining plausible retirement choices, but the modified model suffers from many of the same problems with regard to overpredicting stock shares.
These findings raise the question: where do we go from here? Potential modifications to dynamic-stochastic models of retirement that would allow portfolio choice to be included also have obvious shortcomings. If we try to estimate a revised model which includes a separate relative risk aversion coefficient γ as an estimated parameter and use the percentage of stocks in the portfolio to pin the value down, we will probably either have an unacceptably high value of q because the model overestimates the fraction of stocks in wealth, or an unacceptably high value of γ, or, more probably, both. Alternatively, assuming a value of γ, we could use the rest of the parameters as previously estimated, and adjust the constant term in β to yield the correct average retirement dates. Then we could explore the behavior of the model under a variety of circumstances. The main advantage of the second approach is that it could illustrate how a variable retirement date can be used as insurance for bad draws of rates of return. However, the insurance will probably mean that the elasticity of marginal utility with respect to wealth will be even lower, which will worsen the problem that the model overestimates the percentage of stocks in the portfolio.
the immediate future, be forced to constrain portfolio composition to correspond with levels observed in the data, postponing the inclusion of portfolio mix as a choice variable until further progress is made in modeling that behavior. This does not necessarily reduce the efficiency of life cycle models of retirement and saving. Rather it recognizes that portfolio choice may be influenced by behavior that is not fully consistent with that posed by a life cycle model. Individuals may, for example, be accepting recommendations from planners or firms that they would not otherwise follow if they fully understood how to balance risk and return in portfolio choice in the same way they balance risk and return in their saving and retirement decisions. If these behavioral considerations govern their portfolio choice, while retirement and saving are determined by life cycle considerations, a model that correctly constrains portfolio composition may in fact generate parameter estimates that accurately reflect the forces governing retirement and saving behavior.
